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Introduction 
The homology theory of groups originated from the observation that it was possible 
to apply to a group G algebraic methods used in topology. At first this was done 
with the help of an aspherical polyhedron with fundamental group G (an 
“Eilenberg-MacLane space” for G), and soon afterwards by translating the whole 
resulting approach into purely algebraic terms. One had originally in view appli- 
cations to topological problems. But it soon became evident, and Saunders 
MacLane’s influence in this development need hardly be emphasized, that there was 
a new way to attack the problem of finding invariants of groups, and of 
characterizing group-theoretic properties; some of these were partially known 
before, but in a more complicated and less intuitive form. 
Then came the rapid development of homological algebra which made the under- 
lying algebraic methods a general tool for almost all of mathematics, similar in 
power to linear algebra and in fact related to it. Homological methods in group 
theory, as a special branch of this new field, remained active, though not always 
fully recognized by “pure” group-theorists. The last decade has witnessed, 
however, a striking return of the original trend. This is largely due to the work 
initiated by Serre and by Stallings and continued by many others. For interesting 
classes of groups, topological concepts or their algebraic translation have proved 
remarkably effective. This is not too surprising, since many of these groups stem 
from a geometrical context (transformation groups, subgroups of Lie groups or 
algebraic groups, etc.) and often come equipped with a natural Eilenberg- 
MacLane space which is finite-dimensional or even a manifold. Such groups are “of 
finite dimension”, which algebraically means finite cohomology dimension; they 
are necessarily torsion-free, and their dimension and other homological properties 
are obviously important invariants for such infinite groups as are otherwise not easy 
to investigate. Other groups appearing in similar contexts do have torsion (and thus 
are of infinite dimension), but often are “virtually” of finite dimension [17], i.e., 
have a subgroup of finite index with that property. The class of groups of virtually 
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finite dimension includes all finite groups; it seems to be an interesting combination 
of torsion-freeness and finiteness. 
In this lecture we give a survey of some homological aspects of groups fulfilling 
finiteness assumptions of the above type or something similar, Emphasis is laid on 
those properties which need (co)homology or even topological constructions for 
their very formulation; their application leads, in special cases, to ordinary group 
structure descriptions. It has, of course, been necessary to limit the choice of topics. 
We consider Poincare duality for groups and its generalization; high-dimensional 
cohomology (or Farrell-Tate-cohomology) in the case of virtually finite dimension, 
and p-periodicity; torsion phenomena detected by characteristic classes of repre- 
sentations; and universal bounds for the order of Euler and Chern classes of 
rational representations - here we restrict ourselves tc the case of finite groups, 
although some of the arguments should be valid in more generality. Proofs are 
mostly omitted, except for some sketches of those which have not yet appeared in 
print. The theory of Euler characteristics of groups is omitted altogether, since it has 
been described so beautifully in the surveys of Serre [ 171 and K.S. Brown [7, 81. It is 
closely related to some parts of our survey. Under suitable finiteness assumptions on 
the group the Euler characteristic is defined as an integer, under “virtual” assump- 
tions as a rational number; the denominator displays similarities with the order of 
characteristic classes of representations, but esplicit connections seem not to be 
available. 
We have restricted the references only to those which directly explain or supple- 
ment facts referred to in the text, without aiming at listing the vast bibliography. 
This survey is dedicated to Saunders MacLane as a mark of gratitude for his 
friendship, and in recognition of his work and all the stimulation it has provided; it 
has shown us how to combine geometric and algebraic, abstract and concrete, ideas, 
and it has given the impulse to reach from the very special to the very general - and 
vice-versa! 
1. Finiteness properties 
1.1. The “dimension” of a group G will always mean the cohomology dimension 
cd G. It is the smallest integer n such that the cohomology groups H’(G; A) are 0 for 
all i>n and all coefficient G-modules A. If there is no such integer, then cd G = m. 
We recall that cd G < co is equivalent to each of the following statements. 
(a) There exists a projective resolution P over ZG of the trivial G-module Z, of 
finite length 
P: O~P,,,-Pm-l~~~~-*P~-tPO~k~O 
(exact sequence, al1 P; projective G-modules). 
(b) There exists a free resolution of finite length (as above, but ail P; free G- 
modules). 
(c) There exists a finite-dimensional Eilenberg-MacLane complex K(G, 1) (a CW- 
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complex with fundamental group G bvhose universal cover K(G, 1) is con- 
tractible). 
In (a) and (b) the smallest possible length m is equal to cd G. In (c) the smallest 
possible dimension of K(G, 1) is equal to cd G if cd G is t2; it is 2 or perhaps 3 if 
cd G= 2. We recall that H’(G; A) zH’(K(G, 1); A) for all i and all G-modules A; in 
particular, for any K(G, I), one has cd GI dim K(G, 1). Similarly for homology. 
1.2. For any subgroup GI of G, a resolution P for G can also serve for GI (since BG 
is a free ZG;r-module), and hence cd Gi 5 cd G. A finite cyclic group Cl is of infinite 
dimension (H’(C/; Z) is easily seen to be zL/IZ for all even i>O). Thus a group G 
of finite dimension is torsion-free; the converse does not hold. Cohomology 
dimension seems to be a good and important invariant for torsion-free groups, 
which in general are not easy to come by, and groups of finite dimension constitute 
an interesting class arising in many well-known examples (cf. Section 2). 
A fundamental theorem of Serre [17] states that if G is torsion-free and GI has 
finite index in G, then cd G = cd Gi (finite or infinite). If G is a free group # 1, then 
cd G = 1. By the theorem of Stallings and Swan [18, 191 the converse holds. 
1.3. Further finiteness conditions are suggested by those cases where G admits a 
finite CW-complex K(G, 1). If so, G can be finitely presented; and it has a free 
resolution of the form (b) where all P, are finitely generated over ZG (namely, the 
cellular chain complex of the universal cover K(G, 1)). 
If there exists for G a finitely generated free ZG-resolution of finite length, G is 
said to be of type (FF). This together with finite presentability is in fact equivalent to 
the existence of a finite K(G, I)-complex. If G admits a projective resolution of finite 
length (a) where all the P, are finitely generated projective over ZG, then G is said to 
be of type (FP). Obviously (FF) implies (FP), but it is not known whether the 
converse holds. Type (FP) together with finite presentability is equivalent to the 
existence of a K(G, 1) which is a (homotopy) retract of a finite CW-complex. 
Both type (FP) and type (FF) are easily seen to be inherited by subgroups of finite 
index. In the other direction, if GI is a subgroup of finite index in a torsion-free 
group G, then GI of type (FP) implies G of type (FP); it is not known whether this is 
true for type (FF) - this is one of the reasons why it is useful to work with type 
(FP). 
1.4. Several effective criteria have been established for deciding whether a group G 
is of type (FP), provided it is known that G is of finite dimension; see [3, 61. E.g., G 
is of type (FP) if and only if cd G is finite and all cohomology groups H’(G; A) 
commute with direct limits in the G-module variable A. 
If a group G admits a projective resolution, of finite or infinite length, in which 
all the projective modules P, are finitely generated over ZG, then of course 
homology and cohomology groups inherit finiteness properties. E.g., H,(G; Z) and 
H’(G; Z) for all i are finitely generated Abelian groups. 
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2. Examples. Duality groups 
2.1. Let G be a group which operates differentiably on R”. If the operation is 
proper and free, then the quotient space iR”/C, having R” for its universal cover, is a 
K(G, 1); it is a differentiable manifold, compact or not, of dimension n, and hence a 
CW-complex of dimension n. Thus cd G I n. If R”/G is not compact, then cd G < n 
by well-known cohomology properties of open manifolds. 
If R”/G is compact, it can be “triangulated” as a finite CW-complex, an G is thus 
of type (FF). Moreover, the (co-)homology of G fulfills Poincart duality valid for 
closed manifolds of dimension n: 
H’(G;A)zHH,-,(G;A), or (1) 
H’(G;A)aHn-,(G;t@A) (I’) 
for all i and all G-modules A. Here (I) holds if R”/G is orientable, (1’) if non- 
orientable (2 is the “orientation module”, i.e., the group of integers turned into a 
G-module by x0 1 = -t 1 according to whether XE G preserves the orientation of IR” or 
not, and G operates diagonally in z@A). We can use notation (1’) also in the 
orientable case: then 2 is a trivial G-module, and Z@A =A. These duality 
isomorphisms are natural in any possible sense, since they can be given by the cap- 
product with a fundamental class ,B E H,,(G; 2). 
A group G satisfying (1’) is called a PoincarP duality group of dimension n 
(orientable or non-orientable according to whether z is trivial or not), cf. [ 1, 141; in 
short a PD”-group. Since homology always commutes with direct limits in the 
coefficient module, the finiteness criterion (see 1.4) tells that such groups are of type 
(FP). Moreover one immediately infers from (1’) that cd G = n and that 
H’(G; ZG) = 0 for i# n, 
=t fori=n. 
(Thus 2 and n are determined uniquely by the group G). The simple conditions, type 
(FP) and (2), are sufficient for a group G to be a PD”-group; cf. in a more general 
context, Section 2.2 below. 
2.2. A very general version of duality similar to (1’) is obtained if we replace Z by a 
“dualizing complex” D over ZG (D,=O for i< 0) and postulate 
H’(G;A)=H,-,(G;D@A) foralliandA. (3) 
Here DO.4 is a G-complex by diagonal action; homology is understood to be total 
homology of the double complex P@ (DO A), where P is a projective resolution for 
G. Again (3) implies that G is of type (FP), with cd G = n. IMoreover, the homology 
of D is uniquely determined by G; namely, H,,-i(D) =H’(G; ZG) for all i (this is 
easily seen from the spectral sequence of double complexes applied to the right-hand 
side of (3) with A = ZG). 
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Conversely it can be shown [4, 71 that any group of type (FP) fulfills (3), with 
dualizing complex D= P* = Homc(P, ZG) renumbered as D,= P,*_, where P is an 
(FP)-resolution for G; P* is a complex over ZG of type (FP). 
There may be various interesting instances of (3), but we restrict here attention to 
the following special case. We assume that the homology of the dualizing complex D 
is 0 except for HdD)= C which is #O but H-torsion-free; in other words, that 
H’(G; ZG) is 0 for i# n and H”(G; ZG) is Z-torsion-free. Then (3) becomes 
H’(G;A)=H,-,(G;C@A) foralliandA. (4) 
Groups fulfilling (4) are called duality groups of dimension n, in short D”-groups, 
with dualizing module C (the PD”-groups being those where C=B as an Abelian 
group). Thus the conditions 
(i) G is of type (FP), 
(ii) H’(G; ZG) =0 for if n, 
(iii) H”(G; ZG) is Z-torsion-free, 
imply that G is a D”-group, with dualizing module C= H”(G; ZIG) (and they are 
also necessary). The isomorphisms (4) can be described (cf. [2]) by a cap-product 
,U n -with a “fundamental class” ,U E H,,(G; C), this group being infinite cyclic 
generated by p. 
2.3. The groups H’(G; ZG), which are crucial in that context, are called 
(generalized) end-groups of G; for finitely generated G, H’(G; ZG) describes the 
number of ends of G (the number of points necessary for the endpoint-compactifi- 
cation of the universal cover K(G, 1)). 
For a group admitting a finite K(G, 1) (i.e., of type (FF) and finitely presented) we 
mention another interpretation of the H’(G; ZG), useful in applications. For such a 
group we may take for K(G, 1) a compact manifold-with-boundary M of dimension 
m. Then H’(G; ZC) = H’(M; ZG) can be identified with H&,,JR; Z), where R is 
the universal cover of M and cohomology is meant with compact supports. Relative 
PoincarC duality for &? and asphericity of ,I;i then yield 
H’(G; ZG) = H,,-;- ,(&I?; (2) 
(reduced homology if m-i- 1 =O). It can thus be decided from the ordinary 
integral homology of &I? whether G is a D”-group; and if so, the dualizing module is 
H,,-.- I(&@; Z) with the operation of G given by the covering transformations. 
As an example of application, let G be a knot-group, i.e., the fundamental group 
of the complement of a non-trivial knot in S3. The closed complement M of the knot 
is known to be aspherical, hence a K(G, 1). It is a compact 3-manifold-with- 
boundary (aM= torus). Since alit is a disjoint union of planes, H,(aA?; Z) = 0 except 
for j = 0. Hence G is a duality group (m = 3, m - n - 1 = 0) of dimension 2. Finitely 
presented groups of dimension 2 are easy to handle in general: they are of type (FP), 
and D2-groups if and only if H’(G; ZG) = 0 (one end). 
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2.4. We return to groups G operating in iR” as in 2.1. If R”/G is compact, G is a 
PD”-group. If R”/G is not compact, the group need not be of type (FP). There are, 
however, many cases where R”/G is the interior of a compact manifold-with- 
boundary M, which can serve as K(G, 1) since it has the same homotopy type as 
lR*/G. Then G is of type (FF) and finitely presented, and the arguments of 2.3 can be 
applied to aR. 
Such a situation often occurs if G is a torsion-free discrete subgroup of a con- 
nected real Lie group L. One knows that G operates properly and freely in the 
homogeneous space L/K where K is a maximal compact subgroup of L, and that 
L/K is diffeomorphic to IF?” for some n. E.g., for torsion-free arithmetic subgroups 
of linear algebraic groups defined over the rationals one takes for L the corres- 
ponding groups of real points; according to Borel-Serre [5], R”/G (i.e., G \ L/K) is 
the interior of a compact M as above, and a&? has precisely one non-vanishing 
homology group, which is Z-free. Thus torsion-free (rational) arithmetic groups are 
always duality groups, of a dimension and with a dualizing module which can be 
described from the Borel-Serre construction. 
2.5. If G is a torsion-free discrete subgroup of a real Lie group L, and if G is 
cocompact in L (i.e., if L/G is compact), then G is a Poincare duality group, with 
G \ L/K as K(G, I)-manifold. In this way, many examples of PD”-groups are 
obtained which are fundamental groups of compact aspherical manifolds M. 
It is not known whether there are PD”-groups which are not fundamental groups 
of aspherical manifolds: it is not even known whether a finitely presented PD”- 
group admits a finite K(G, 1) (type (FF)). In the case of dimension 2, partial answers 
have been obtained: H. Miiller [IS] has shown that a PD?-group which has a one- 
relator presentation is in fact the fundamental group of a closed surface (of genus 
~1). For groups of type (FF), Swarup (and H. Miiller) have proved that a PD:- 
group contains a subgroup of finite index which is a one-relator group’. 
3. Virtual dimension 
3.1. A group is said to be virtually torsion-free if it contains a subgroup S of finite 
index which is torsion-free. One similarly defines a group to be virtually of finite 
dimension, of type (FP), a duality group, etc. For all these concepts, however, it is 
the virtual presence of torsion that makes all the difference. For example, assume 
that G contains a subgroup S of finite index with cd S = n < 03; then cd s’= n for any 
other torsion-free subgroup S of finite index in G: one considers sn.S’ and applies 
Serre’s theorem concerning the dimension of torsion-free groups and subgroups of 
finite index. The integer n is called the virtual dimension of G, vcd G=n. If G is 
torsion-free, then vcd G=cd G. 
A similar reasoning applies to “type (vFP)“; if there is a subgroup of finite index 
I Added in proof. It has been proved [B. Eckmann-H. Miiller, to appear in Comm. Math. Helvetici] 
that all PD2-groups with positive first Betti number are fundamental groups of closed surfaces. 
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which is of type (FP), then all torsion-free subgroups of finite index are. Or to G 
being a uD”-group; if there is a subgroup of finite index which is a D”-group, then 
all torsion-free subgroups of finite index are (here one has to use a finite extension 
theorem [Z] for D”-groups: if G is torsion-free and Gi a subgroup of finite index, 
then G is a D”-group if and only if GI is. The proof simply uses the D”-criterion in 
2.3). 
3.2. The groups with vcd G=O are just the finite groups. All finitely generated 
linear groups (characteristic 0) are virtually torsion-free [21]. The arithmetic groups 
as mentioned in Section 2.4 usually do have torsion, but are virtually torsion-free, 
and hence uD”-groups for some n. In G = SL,,,(Z), for example, the congruence sub- 
groups modulo an integer q>2 are torsion-free and have finite index in G; thus 
SL,,,(Z) is a uD”-group (n =+m(m- l), cf. [5]). Similarly for other arithmetic 
groups. 
3.3. The cohomology groups H’(G; A), which are 0 for i>n if cd G = n, are in 
general #O if vcd G = n and G has torsion, and we now look closer at these groups. 
For any torsion-free subgroup S of finite index k in G, cd S= n, the usual 
restriction-transfer argument shows that k*H’(G; A) = 0 for all i> n and all A. The 
H’(G; A), i> n, are thus torsion groups; they are annihilated by y = gcd of all finite 
indices of torsion-free subgroups in G. This integer y is, in turn, a multiple of the 
lcm of all orders of torsion elements in G. Moreover, y can contain those primes p 
only which occur in the order of torsion elements in G. Indeed, if G has no p- 
torsion, there exists a torsion-free subgroup S in G of finite index prime to p (take 
any torsion-free normal subgroup N of finite index, and let (G/N), be a p-Sylow 
subgroup of G/N; then the preimage S of (G/N), in G has the required property). 
It follows, in particular, that if the group G of finite virtual dimension n is p- 
torsion-free, then so are the torsion groups H’(G; A), i> n. 
These facts, well-known for finite groups (vcd G = 0), suggest a generalization of 
the irate cohomology groups fi’(G; A), - 03 <i< 03, to groups of finite virtual 
dimension (T. Farrell [13]). These Farrell-Tate groups fi’(G; A) have all the torsion 
properties given above for H’(G; A), i> n = vcd G; they coincide with the H’(G; A) 
for i> n. For i < n the situation is somewhat different from the case n = 0, where the 
A’, i<O can be interpreted as homology groups of G. For n>O no such interpre- 
tation is available in general. 
For UD”-groups G, however, one has fi’(G; A)rH,-,-i(G; CBA) for i<O 
where C is the dualizing module of any torsion-free subgroup of finite index; this is 
in agreement with what happens in the case of finite groups (n =0, S= 1, C=Z). In 
the remaining range Oli< n the I?’ are related to ordinary homology and 
cohomology by an exact sequence which “measures” the deviation from duality 
with dualizing module C. 
3.4. A question which comes up naturally in that context is to what extent these 
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groups fi’(G; A) are periodic (with respect to i). This is certainly an exceptional 
phenomenon; but it may occur more often that for a primep thep-primary part of 
the fi’(G; A), and thus of the H’(G; A), i>n = vcd G, is periodic. In that case we 
say that G is p-periodic and write mp for the smallest p-period. If G is p-periodic, so 
is every subgroup of G. in particular every finite subgroup. Thus if G contains a 
finite p-subgroup which is not cyclic (or quaternionic for p= 2). G cannot be p- 
periodic. If G is p-torsion-free, it is trivially p-periodic with mP = 1. 
If G is not only of finite virtual dimension, but of type (vFP), there is a simple 
method for investigating p-periodicity of G (Burgisser [9]). Let S be a torsion-free 
normal subgroup of finite index; if the finite group G/S is p-periodic, so is G, and 
tnp divides the p-period of G/S. The precise value of m,, can sometimes be obtained 
by looking at suitable finite subgroups of G which are p-periodic. 
Among the results of [9], we mention the following example: SL,@) is p-periodic 
for +m+l<p~m+I, with p-period mP=2@-I) for p<m+l (for the case 
p = m + 1 see Section 4.6 below). A different method, also appearing in [9], uses 
characteristic lasses of complex and of real representations of G. These classes are 
dealt with in the next section. 
4. Characteristic classes of representations 
4.1. With a complex representation Q : G-GL,,,(C) of the group G one associates 
Chern classes Q(Q) E HZk(G; 0, k = 0, 1, . . . , m; co(e) = I E H”(G; Z) = Z. One 
writes c(g) = 1 + cl(e) + . . . + c,&) E H *(G; Z). The following properties will be 
used: 
(i) Representations which are equivalent (over C) have the same Chern classes. 
(ii) For any group homomorphism h : Cl-G, c&h)= h*c&)EHzk(GI; Z). 
(iii) For any two representations gi, ,o: of G, c(e~O,od = c(,od-c(gd (cup- 
product). 
(iv) Ifj : Z-Q denotes the embedding, j*c&) =0 for k>O. 
(v) For a finite group G, the first Chern class of I-dimensional representations 
establishes an isomorphism Hom(G, a) *) % H?(G; Z). 
All this is purely algebraic. The definition of C&J) and the proofs of the above, 
however, pass through topology. 
We briefly recall a construction of the classes C&J). Take a complex K(G, I), with 
universal cover K(G, l), and let G operate diagonally on K(G, 1) XC”’ (the 
operation on V being given by 9). The quotient space K(G, 1) x C’“/G=E is a 
C’“-bundle over K(G, I). Its Chern class CA&) EH~~(K(G, 1); Z)sHlk(G; Z) is 
independent of the choice of K(G, 1). The properties above follow from the general 
theory of these topological Chern classes, except for (iv) which is due to the fact that 
the bundle E is flat. In case H(G; Z) is finitely generated, (iv) implies that c&) is a 
torsion element, k >O. 
4.2. Analogous remarks apply to the Euler class e(e) of a real representation 
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Q : G-CL&Q. It is an element of H”(G; Z(Q)), where Z(Q) is the group of integers 
Z turned into a G-module by multiplication with sgn det Q (hence a trivial G-module 
if and only if g has positive determinant only). Properties of e(e) analogous to 
(i)-(iii) above are: 
(i’) Representations which are equivalent (over m) have the same Euler class up 
to sign. 
(ii’) For any group homomorphism h : GI+G, e(eh) = h*,o(e) E H”(Gi; Z(&z)). 
(iii’) For any two representations @I, ~2 of G, e(,oi@ez) =e(_oi)*e(&. 
The construction of e(e) is by means of the IR’“-bundle K(G, 1) x Rm/G over 
K(G, 1) which inherits an orientation from the IR”’ where CL,,(m) operates (whether 
Z(Q) is trivial or not; cf. [lo]). Although this bundle is flat, the analogue of (iv) 
above is in general not true for e(Q). 
There is a close relation between the Euler and the Chern classes: If a complex 
representation Q : G-GL,n(C) is regarded as a real representation g’ : G-GLz,,,(R) 
in the canonical way, then the top Chern class C,,,(Q) is = e(e) E H”“(G; Z); note that 
Q’ has positive determinant. From this it easily follows that if Q is a real 
representation Q : G+GL,,,(IR) then its complexification ,o@C : G-+GL&C) has 
top Chern class 
(iv’) c,,,(e@C) = (- l)‘“(‘n- ‘)‘ze(e)2. 
(hence, for j : Z-Q, i*e(e)2=0). 
We further note that e(e)=0 whenever the real representation Q has a real 
decomposition Q =QI@QZ with a trivial summand. 
4.3. As a first application, we use Chern classes to study the torsion of HJ(G; A), 
j>n, for a group with vcd G=n. As noted in 3.3, these cohomology groups are p- 
torsion-free if G is. We will show that the converse holds in the following more 
precise sense. 
We only need to assume that G is virtually torsion-free. Let G have p-torsion, and 
let j: C,-G be the embedding of a cyclic subgroup C, of order p. We consider a 
complex representation Q : G--GL&Q)) which is non-trivial on C,. There exist such 
representations: Let rc be the projection of G onto the finite group G/N, IV being a 
normal torsion-free subgroup of finite index, and take any representation g of G/N 
which is non-trivial on rc(CJ 3 C,. Then Q = pn is a representation of G as desired. 
The restriction ,si of g to C, decomposes into m one-dimensional complex repre- 
sentations; let r>O be the number of non-trivial ones (and hence faithful) among 
these. 
Now the Chern class c&j) =j*c&) is # 0 by (iii) and (v) in 4.1. On the other hand 
c,(p) = c,@n) = n *c&s) is a torsion element, since c,(g) E H”(G/N; Z) is. c&i) being 
a p-torsion element it follows that the order of c&)EH~‘(G; Z) must contain the 
prime p. The same holds for C&Q@Q) = c&)’ etc. We thus conclude that if G is 
virtually torsion-free and hasp-torsion, then all H:q’(G; Z), q= 1, 2, 3, . . . havep- 
torsion, for some r>O. 
In explicit cases, more information on the possible value of r is available, 
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depending on the choice of Q. In some instances, one has representations Q of G, 
non-trivial on C,, which do not come from a finite factor group G/N; in order to 
know that c&) is torsion, one has then to use (iv) and finiteness assumptions. 
The result above yields the following corollaries. 
(1) Let G be virtually torsion-free. If Hj(G; E) is p-torsion-free for all large even 
values of j, then G is p-torsion-free. 
(2) Let G be virtually torsion-free. If Hj(G; Z) is torsion-free for all large even 
values ofj, then G is torsion-free. 
(3) Let vcd G be finite = n. Then HJ(G; iZ) is p-torsion-free for all large even 
values of j if and only if G is p-torsion-free. 
(4) Let vcd G be finite= n. If Hj(G; Z) = 0 for all large even values of n, then 
cd G = n (and hence Hi(G; A) = 0 for all j> n and all A). 
4.4. The method of restricting characteristic classes to finite subgroups used before 
also yields other, more precise, results concerning torsion in the cohomology of G 
(see also Soule [19] for far-reaching results). 
If Q is a complex representation of G which is non-trivial on a cyclic subgroup Cl 
of arbitrary order I, the restriction @h (h : CPG is the embedding) decomposes into 
complex l-dimensional representations r of which are non-trivial, r>O. If we 
assume that these are all faithful, i.e. given on a generator of CI by a primitive Ith 
root of unity, then c&h) is a generator of H”(C,; Z) zZ/IZ. As before it then 
follows that the order of the torsion element c&) is a multiple of 1. 
This applies in particular to arithmetic groups (cf. 2.4; the finiteness conditions 
hold which guarantee that c&) is torsion for any g since these groups are of type 
(vFP), cf. [16]). As a typical example we consider G= SL,Q) and its canonical 
representation Q : G-CL,,(C) given by the embedding. Since Q is in fact a real 
representation, general properties of Chern classes tell that 2c&) = 0 if k is odd. We 
thus fix an even value of k, 0 < k I m, and let I be any integer > 2 with Euler function 
p(i) dividing k. There exists a subgroup CI of G such that the restriction of @ to CI 
decomposes into l-dimensional representations exactly k of which are faithful, 
while the others are trivial: Namely, consider the diagonal m x m-matrix in which 
the lo(/) different primitive roots of unit appear k/p(f) times in the diagonal, the 
other diagonal elements being= 1; such a matrix is equivalent to an integral matrix 
with determinant 1, generating a cyclic group Cl. Thus the order of C&J) is a 
multiple of I, and therefore of Ek = lcm{ /l (p(l) divides k} _ This integer Ek is equal to 
the denominator of Bk/k written in its lowest terms (Bk = kth Bernoulli number, 
B2= l/6, B4= l/30, Bg= l/42, . . .): 
(5) The order of the kth Chern class ck(@)EH2%L&$ Z) of the canonical 
representation e : SLm(Z)-*GLm(C), k even, 0-c k_cm, is a multiple of the 
denominator of Bk/k. 
The arguments of this section also apply to the Euler class e(Q) of real repre- 
sentations Q; one may use the top Chern class of Q@C together with (iv’) and the 
structure of the cohomology of cyclic groups Cl. The analogue of (5) is then 
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(6) The order of the Euler class e(or)EH”‘(SL,,,(Z); Z) of the canonical repre- 
sentation QI : SL,,,(.Z)-+GL,,,(?), m even, is a multiple of the denominator of B,,,/m. 
Remark. It is known, from results of Grothendieck, that the order of c&) in (5) 
divides the denominator 2Ek of Bk/Zk; and from a topological argument of 
Sullivan, that the order of @I) in (6) divides ZE,,,. It seems unknown whether the 
factor 2 is necessary or not. For rational, hence integral, representations of finite 
groups cf. Section 5 below. 
4.5. The same method can also be applied to the question of p-periodicity (cf. 3.4), 
in particular for various arithmetic groups. We take again the example G = SL,,,(Z), 
m 2 3, and refer to [9] for other cases and for details. 
Let p be a prime with +m+ 1 <psm+ 1. The p-Sylow subgroups of G (the 
maximal finite p-groups in G) are cyclic of order p; let CP be such a subgroup. The 
restriction Q/I of e : G-GL,,,(*C) to CP decomposes into l-dimensional repre- 
sentations p- 1 of which are non-trivial, given on a generator of C, by the p- 1 
primitive p-th roots of unity, while the other are trivial (since 2@ - 1) > m). Hence 
cP- ,(&I) E HZ@-‘)(CP; Z) 3 Z/pZ is a generator. Now a theorem of Brown-Venkow 
[7] tells that if an element a E HJ(G; Z) restricts, on each p-Sylow subgroup SP of G, 
to a “maximal generator” (i.e., if Hj(S,,; Z) is cyclic of order 1 Sp 1 and generated 
by the restriction of a), then G is p-periodic; moreover, a p-periodicity isomorphism 
is given by the cup-product with a, the period mp thus being a divisor of j. We 
therefore conclude 
(7) SL,,,(Z) is p-periodic for all primes with +m + 1 <ps m + 1, and the p-period 
mP is a divisor of 2@ - 1). 
This result does not go beyond the one obtained in 3.4. However, a better 
information is provided by applying the method of the present section to the Euler 
class instead of the Chern class, in the special case p= m + 1. Consider, for any 
prime p the canonical real representation Q : SLP- I(Z)--+GL~- I(R), and let C, be a 
p-Sylow subgroup of G = SL,- r(Z). From the properties of the Euler class listed in 
4.2 it follows that the restriction of e(e) to C, is a generator of HP- l(CP; Z) = UpZ. 
Hence the cup-product with e(,o)EH P- ‘(G; Z) yields p-periodicity of period mP 
dividing p - 1. 
As mentioned in 3.4 the precise value of mp for +m + 1 <p< m + 1 is 2@ - 1). It is 
p - 1 for p = m + 1 > 2. The lower bounds are due to the p-periodicity of suitably 
chosen finite subgroups, see [9]. In summary 
(8) SL,,@) is p-periodic for fm + 1 <p 5 m + 1, with mP = 2(p - 1) for p c m + 1, 
m,=p- 1 forp=m+ 1. 
Examples, SL@) is 3-periodic with 3-period 4; and SL4(B) is 5-periodic with 5- 
period 4. 
12 8. Eckmann 
5. Rational representations of finite groups 
5.1. We conclude this survey with a brief outline of results on the order of the Euler 
and Chern classes, in the case where the group G is finite and where the repre- 
sentation is defined over Q (or some other subfield of IF? or C). Certain results may 
be valid in more generality, e.g., for vcd G>O, but this would require different 
approaches. We make strong use of the character theory of finite groups; for details 
we refer to Eckmann-Mislin [lo, 11, 121. 
We first consider the Euler class e(Q) E H”*(G; Z(g)) of a rational representation 
g : G-GL,,,(Q) of the finite group G; of course e(Q) stands for e(e@IR). For m odd 
one has 2e(e) = 0. But we will show that for even m too there is a universal bound for 
the order of e(e), depending on m only but not on G nor on the representation. 
Namely, E,,= denominator of Bdm (cf. 4.3) is such a bound, i.e., the order of e(s) 
divides E,,,. The argument concerning finite cyclic groups which leads to (6) in 4.3 
shows that the bound E,,, is best possible in that sense. The proof is sketched in 5.2 
below; it does not make use of Sullivan’s upper bound 2 E,,, (see Remark in 4.3), and 
it not only yields the precise bound E,,,, but can also be adapted to real fields other 
than Q. 
5.2. Let Q : G-CL,,,(Q) be a rational representation of the finite group G, and let 
G, be ap-Sylow subgroup of G. Since the restriction H’“(C; Z(g))+H”‘(Gp; Z(g)) is 
injective on the p-primary component, it will be sufficient to prove our assertion 
E,,,e(e) = 0, m even, (1) 
for p-groups. If G is a p-group, H”‘(G; Z(g)) is p-torsion; from E,,= lcm{l/(o(l) 
divides m} we infer that (1) simply means 
e(e) = 0 if p- 1 does not divide m, 
(2) 
P “+‘e(e)=O if p - 1 divides m and v is the exponent of p in m. 
We first assume that Q is rationally irreducible, non-trivial. By classical methods 
of representation theory, one proves that either (A) Q is induced from a repre- 
sentation o : S-GL,,/,(Q) of a subgroup S of indexp in G, or (B) Q factors through 
a faithful irreducible rational representation @ of a factor group G = G/N which is 
“quasi-cyclic”; by this we mean that G is cyclic if p is odd, and that G is cyclic, 
quaternionic, a dihedral or a semi-dihedral group if p = 2. For each of these quasi- 
cyclic groups, there exists exactly one faithful irreducible rational representation; if 
pb denotes the order of G, its degree m is &) =pp- ‘(p - 1) for odd p and for p = 2 
(cyclic and quaternionic case), 2P-* for p=2 (dihedral cases), and it has positive 
determinant except for G = CZ. 
A simple induction using (A) and (B) now shows that the degree of an irreducible 
rational representation of a p-group G is either 1 or of the form pY@ - 1). Moreover 
(2) follows immediately in the case (B): m =p fl- ‘(p - 1) if p is odd and if p = 2 and G 
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is cyclic or quaternionic; hence (2) means @e(Q) = 0 which is trivially true for g and 
thus for g. And further m = 24-’ if G is dihedral or semi-dihedral; then (2) means 
pp- ‘e(o) = 0, which is true for Q since H”‘(G; Z) is not cyclic of order ; (;, = 29, and & 
thus is true for g. 
To prove (2) in the case (A), we assume by induction that it holds for degrees < m. 
The restriction QS of g to the subgroup S decomposes into a@~‘, 0 irreducible of 
degree m/p. Thus p”e(a) = 0, and p”e(,os) =p”e(a)e(a’) = 0. The transfer from S to G 
maps e(,os) to pe(o); we thus get p”+’ e(g) =p” tr e(gs) = tr@Ye(ps)) = 0. 
Let now ,o : G-GL,,(Q) be a reducible representation of the p-group G. It 
follows that if p- 1 does not divide m (even) then at least one of the irreducible 
components of Q must be trivial (p is odd), and the product formula (iii) yields 
e(Q) = 0. If p - 1 divides m. the decomposition into irreducible components and the 
product formula yield p”” e(p) = 0, which concludes the proof of (2). 
A similar result holds for representations Q of finite groups G over a real number 
field K. In (1) one has to replace E,, by E,,,(K) = lcm{ll ph.(l) divides m} where cph-(l) 
is the degree of the I-th cyclotomic field over K, cf. [ll]. 
5.3. We now turn to Chern classes c&) of a rational representation 
Q : G-GL,,,(Q), G finite. Again, for even k, Ex is the (best possible) universal 
bound for the order of c&) E H?“(G; Z): 
Ehck(Q) = 0, k even, 0 < k 5 m. (3) 
As before, the proof of (3) reduces to the case where G is a p-group. But the cases 
p = 2 andp odd have to be treated differently. Forp = 2, the methods of 5.2 yield the 
bound Ek, i.e., 2”“C,&)=O where v is the exponent of 2 in k. If p is odd, that 
procedure seems to lead to complicated computations, and it appears preferable to 
use a different method, that of “Galois invariance”. This has been done in (201, for 
all p, by comparing the Chern classes c&) with the “algebraic Chern classes” of 
Grothendieck and applying Galois automorphisms to these. 
For finite groups G, such a detour is in fact not necessary. The behaviour of the 
ordinary Chern classes under an automorphism r of C can be described directly, as 
follows. 
Let Q : G-GL,,(C) be any representation, and let q be the exponent of G. The 
automorphism r is given on the qth cyclotomic field over Q by ~(0 = i’, where c is a 
qth primitive root of unity and r prime to q; conversely any such automorphism of 
the qth cyclotomic field can be extended to C. Applying r to the representation Q 
yields a new representation Q’. Using character theory and Newton polynomials one 
proves 
&IT= w&)9 where I,V~ is the rth Adams operation. (4) 
The equality is to be understood in the representation ring; but I,v&) is actually a 
representation. Thus the P-bundle over K(G, 1) corresponding to Q’ is obtained 
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from that of g by applying wr. By well-known properties of the Chern classes it 
follows that 
c&q = rQI(o) L c . 
Now, for a representation g realizable over Q, one has ,or=@ and thus 
(9 
(rk - l)c,&) = 0 for all r prime to q = exp G. (6) 
If G is a p-group, p odd, (rk- l)c&) = 0 for all r prime to p implies, by standard 
number-theoretic arguments, that for p - 1 not dividing k one has CL(Q) = 0 and 
otherwise p’+ ’ c&) = 0 (v = exponent of p in k), which completes the proof of (3). 
For p = 2, one gets 2’ * ‘CL(Q) = 0 as in [20], which would yield 2E~c&_9 = 0 instead of 
(3); this is way the case of 2-groups has to be dealt with separately. 
Our procedure can, of course, also be applied to representations realizable over 
other subfields of d= instead of Q. 
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